Abstract: Nonlinear H ∞ -control synthesis is developed to solve the tracking control problem to induce periodic behavior in a 3-DOF underactuated helicopter prototype. Due to the nature of the approach, the proposed controller yields the desired robustness properties against unknown bounded external disturbances. Stabilizability and detectability properties of the control system are ensured by the existence of proper solutions of the corresponding differential Riccati equations. Virtual constraints approach for motion planning is considered prior the controller design in order to achieve the control goal. Performance issues of the proposed controller are illustrated via numerical simulations.
INTRODUCTION
Several studies have been developed in the last few years for the synthesis and analysis of helicopter models due to increasing research interest. Let us quote, the analysis and synthesis presented in Avila-Vilchis et al. (2003) , Isidori et al. (2003) and references therein where several control models and techniques are discussed. More recent proposals for this type of mechanisms by Dzul et al. (2004) ; Xu and Ozguner (2006) ; Hoffmann et al. (2007) ; Pflimlin et al. (2007) , have been presented. In our paper we construct a locally admissible controller and apply Lyapunov theory arguments. If we pose the problem of a design of a nonlocally admissible controller we should find a feedback such that in the given domain containing the origin our system with the constructed feedback has no compact invariant sets other than the origin and, moreover, each trajectory in this domain tends to the origin. Here we meet the problem of establishing the nonexistence of compact invariant sets in the domain without the origin. This problem may be solved in the framework of the approach of Krishchenko and Starkov (2008) .
The aim of this paper is to solve the tracking control problem for a 3-DOF helicopter, manufactured by Quanser Company, via nonlinear H ∞ -control for time-varying systems (Aguilar et al. (2003) ). Such prototype represents an underactuated mechanical system with two actuators and three degrees of freedom. Different approaches for this particular type of system have been developed. A constrained predictive control method was documented in Lopez et al. (2006) . A synchronized trajectory-tracking control strategy for one degree of freedom has been proposed in Shan et al. (2005) . In addition, an applica-⋆ This work is supported in part by Consejo Nacional de Ciencia y Tecnología under Grant 78890 and 127575. tion of adaptive control is presented in Andrievsky et al. (2007) for pitch control. Aggressive landing maneuvers for the 3-DOF helicopter prototype were addressed in Bayraktar (2004) .
The challenge of controlling underactuated mechanical systems, such as the one described for this study, arises from the lack of possibility to control each degree of freedom in a direct way. For this reason, we use virtual constraints (VC) as prespecified target motions in order to give rise a desired periodic behavior. In this paper, we follow the theoretical formulation of Shiriaev et al. (2005 Shiriaev et al. ( , 2006 and Westerberg et al. (2009) to find desired trajectories for the system under study. Once selected, the above problem is locally resolved within the framework of nonlinear H ∞ -control methods from Isidori and Astolfi (1992) ; Basar and Bernhard (1990) ; Aguilar et al. (2003) , and Ravi et al. (1991) . Those methods do not admit a straightforward application to the problem in question because in contrast to the standard case, a partial state stabilization (i.e., asymptotic stabilization of the output of the system) is only required provided that the complementary variables remain bounded. Their modification developed in the present paper is of the same level of simplicity and it follows the common practice of proper solution to corresponding differential Riccati equations which is performed numerically. The aforementioned H ∞ synthesis took its origins from the game-theoretic approach of Basar and Bernhard (1990) , and the L 2 -gain analysis of Isidori and Astolfi (1992) . It followed the line of reasoning, used in Orlov et al. (1999) where the corresponding Hamilton-Jacobi-Isaacs expressions were required to be negative definite rather than semidefinite. In contrast to the standard L 2 -gain analysis of Isidori and Astolfi (1992) and that of Van Der Shaft (1992) , the resulting H ∞ design procedure did not require the system stabilizability-detectability conditions to be verified. Under appropriate assumptions the existence of suitable solutions of Riccati differential equations, that appeared in solving the H ∞ control problem for the linearized system, was shown to be necessary and sufficient condition for a local solution of the H ∞ control problem to exist.
The contributions of the paper are
• The motion planning, via virtual constraints approach, for the 3-DOF underactuated helicopter.
• Solution to the tracking control problem for the helicopter via output measurements.
This paper is outlined as follows. Background material on nonlinear H ∞ -control of time-varying systems are presented in Section 2. Dynamic model and control objective are given in Section 3 as the problem statement. Desired trajectory issues are the discussed and the nonlinear H ∞ controller is additionally constructed. Effectiveness of the proposed controller is illustrated via a numerical study in section 4. Finally, the conclusions are presented in Section 5.
BACKGROUND MATERIAL ON NONLINEAR
H ∞ -CONTROL OF TIME-VARYING SYSTEMS
Basic Assumptions and Problem Statement
Consider a nonlinear system of the forṁ
where x ∈ IR n is the state space vector, t ∈ IR is the time, u ∈ IR m is the control input, w ∈ IR r is the unknown disturbance, z ∈ IR l is the unknown output to be controlled, y ∈ IR p is the only available measurement on the system. The following assumptions are assumed to hold.
(A1) The functions f (x, t), g 1 (x, t), g 2 (x, t), h 1 (x, t), h 2 (x, t), k 12 (x, t), and k 21 (x, t) are piecewise continuous in t for all x and locally Lipschitz continuous in x for all t.
(A2) f (0, t) = 0, h 1 (0, t), and h 2 (0, t) = 0 for all t.
These assumptions are made for technical reasons. Assumption (A1) guarantees the well-posedness of the above dynamic system, while being enforced by integrable exogenous inputs. Assumption (A2) ensures that the origin is an equilibrium point of the non-driven (u = 0) disturbance-free (w = 0) dynamic system (1). Assumption (A3) is a simplifying assumption inherited from the standard H ∞ -control problem.
A causal dynamic feedback compensator
with internal state ξ ∈ IR s , is said to be globally (locally) admissible controller if the closed-loop system (1)- (3) is globally (uniformly) asymptotically stable when w = 0.
Given a real number γ > 0, it is said that system (1), (2) has L 2 -gain less than γ if the response z, resulting from w for initial state
for all t 1 > t 0 and all piecewise continuous functions w(t).
The time-varying H ∞ -control problem is to find a globally admissible controller (2)- (3) such that L 2 -gain of the closedloop system (1)- (3) is less than γ. In turn, a locally admissible controller (2), (3) is said to be a local solution of the H ∞ -control problem if there exists a neighborhood U of the equilibrium such that inequality (4) is satisfied for all t 1 > t 0 and all piecewise continuous functions w(t) for which the state trajectory of the closed-loop system starting from the initial
Local State-Space Solution
Assumptions (A1)-(A3) allow one to linearize the corresponding Hamilton-Jacobi-Isaacs inequalities from Aguilar et al. (2003) that arise in the state feedback and output-injection design thereby yielding a local solution of the time-varying H ∞ -control problem. The subsequent local analysis involves the linear time-varying H ∞ -control problem for the systeṁ
where
Such a problem is now well-understood if the linear system (5) is stabilizable and detectable from u and y, respectively. Under these assumptions, the following conditions are necessary and sufficient for a solution to exist (see, e.g., Ravi et al. (1991) ):
C1) There exists a bounded positive semidefinite 1 symmetric solution of the equation
such that the systeṁ
is exponentially stable;
1 Throughout, a time-dependent n × n-matrix P (t) is positive semidefinite if and only if x T P (t)x ≥ 0 for all n-vectors x and all time instants t whereas P (t) is positive definite iff x T P (t)x ≥ mx T x for all x and t, and some constant m > 0. Respectively, P (t) is bounded iff P (t) ≤ m 0 for all t and some constant m 0 > 0.
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C2) There exists a bounded positive semidefinite symmetric solution to the equatioṅ
specified withÃ(t) = A(t) + γ −2 B 1 (t)B T 1 (t)P (t), such that the systeṁ
is exponentially stable.
According to the time-varying bounded real lemma Orlov et al. (1999) , conditions C1) and C2) ensure that there exists a positive constant ε 0 such that the system of the perturbed differential Riccati equations
has a unique positive definite symmetric solution (11) and (12) are subsequently utilized to derive a local solution of the nonlinear H ∞ -control problem for (1). The following results is extracted from Aguilar et al. (2003) . Theorem 1. Let conditions C1) and C2) be satisfied and let (P ε (t), Z ε (t)) be the corresponding positive solution of (11), (12) under some ε > 0. Then the output feedback
is a local solution of the H ∞ -control problem.
H ∞ TRACKING CONTROL PROBLEM

Problem Statement
The dynamics of the laboratory prototype of the 3-DOF helicopter,as shown in Figure 1 , can be described by the NewtonEuler equations (see Spong et al. (2006) ):
where ω = [ω x , ω y , ω z ] T is the angular velocity, I = diag(I z , I y , I x ) corresponds to the inertial matrix of the rigid body attached at the suspension point about which it can rotate. The vector of torques applied can be reduced to τ = [τ x , τ y , 0] T considering hereby the degree one under-actuation with respect to the rotation axis of the mechanism. Accordingly with the Newton-Euler formulation all the variables are expressed in the body attached frame. To obtain the angular velocity of the body expressed in an inertial frame, we only need to compute a rotation matrix that transforms coordinates from one frame to the other.
In this paper we use the model proposed in Westerberg et al. (2009) in which some assumptions were made in order to simplify the dynamical model: a) Air resistance and friction are neglected, and b) Gravitational forces are ignored considering that the helicopter is balanced due counterweight installed at one end of the body. Let us introduce q = [φ, θ, ψ]
T as yaw, pitch and roll, respectively; such vector corresponds to the generalized coordinates for describing the orientation of the rigid body using Z-Y-X Euler angles. Then, the angular velocities with respect to q can be described as
The physical parameters of the 3-DOF helicopter, given in Quanser (2004) , are listed in Table 1 .
The system (15) and (16) can be described by the differential equations
The computed values for the functions J(q) = IB zyx and ϑ(q,q) =Ḃ zyxq + ω × (Iω) are described as follows The expressions c x and s x denote cos(x) and sin(x) respectively where x is the corresponding angle.
Our control objective is to design a nonlinear H ∞ tracking controller to achieve pre-specified motions for the 3-DOF underactuated helicopter prototype while also attenuating the effect of external disturbances.
The Desired Periodic Trajectory
Given the generalized coordinates q = (φ, θ, ψ) T ∈ IR 3 , let us define the following set of virtual constraints
where the yaw coordinate φ is the variable from which the other generalized coordinates will be referred to. The zerodynamics of (15), (16) with (18) without disturbance signals, i.e., ω 1 = ω 2 = ω 3 = 0, can be written as
The scalar coefficient functions α(φ), β(φ), and γ(φ) can be computed accordingly to [Shiriaev et al. (2005) , Proof of Proposition 2] as
Finally, the desired trajectory can be selected by choosing reasonable functions for the defined set of virtual constraints (18) and computing its corresponding zero-dynamics (19) to achieve desired behavior.
A particular characteristic of these reduced-order dynamics are the disappearance of time dependence and that solutions might be closed orbits of different periods and amplitudes. Furthermore, the existence of such orbits around some equilibrium φ = φ 0 are guaranteed provided that Shiriaev et al. (2006) 
The most important advantage of this simplified model is that (19) has a general integral of motion Shiriaev et al. (2006) 
with
which preserves its zero value along the solutions of (19) [φ(t),φ(t)], provided the initial conditions [φ 0 ,φ 0 ] are chosen appropriately and α(φ) = 0.
Let us notice that these reduced-order dynamics exhibit the disappearance of time dependence, its solutions might be closed orbits of different periods and amplitudes and most important, is always integrable provided α(φ) = 0 (Shiriaev et al. (2006)).
H ∞ Synthesis
Theoretical results of the background material on nonlinear H ∞ -control of time-varying systems are now applied to design a controller which allows the system to track the desired motion behavior (18) imposed for the 3-DOF mechanical system (15),
. Now, let us assume a desired trajectory vector q d = col{q di (t)} for the 3-DOF mechanism to follow is twice continuously differentiable, and the functions q d (t),q d (t),q d (t) are uniformly bounded in t. Note that such conditions can be easily fulfill by choosing the appropriate virtual holonomic constraints. Then if there were no initial and external disturbances the desired motion could be enforced by the external torque
at some time instant t 0 ∈ IR (the absence of initial and external disturbances means that q(
Our objective is to design a controller of the form
that imposes on the disturbance-free mechanism motion desired stability properties around q d (t) ∈ IR 2 while also locally attenuating the effect of disturbances w. Thus, the controller to be constructed consists of the trajectory feedforward compensator (23) and a disturbance attenuator u(t), internally stabilizing the closed-loop system around the desired trajectory.
To begin with, let us introduce the state deviation vector x = (x 1 , x 2 )
T where
is the position deviation from the desired trajectory defined as
T and
is the deviation from the desired velocityq d =[φ,ḟ 1 (φ),ḟ 2 (φ)] T . After that, let us rewrite the state equation (15), (16), (23), (24) as
where w = (w 0 , w 1 ) ∈ IR 6 are the external disturbances. Since the right-hand of the error equations (27)- (29) are twice continuously differentiable in x locally around the origin x = 0 for all t, the above H ∞ -tracking control problem is nothing else than the earlier theoretical approach to the nonlinear H ∞ control problem for time-varying system (1) specified as follows:
Now, by applying Theorem 1 to system (1) we derive a local solution to the afore-stated H ∞ -position control problem.
Stabilizability and detectability properties of the control systems are ensured by the existence of the proper solutions of the unperturbed differential Riccati equations.
NUMERICAL OUTLINE
Now, we illustrate our approach by presenting two numerical studies for different desired trajectories.
Periodic Motion of the Yaw Axis φ with Constant Pitch θ and Cyclic Roll ψ
For this case, let us select our desired trajectories as virtual holonomic constraints described by
with parameters κ 1 = 0, κ 2 = 1, and λ 1 = 1. By substituting the proposed desired functions (32), the computed zerodynamics for the reduced-order system are defined by
provided that there exists a nominal control input τ d required to induce a desired solution φ = φ d (t).
The initial conditions for the 3-DOF helicopter, selected for the simulations, were θ 1 (0) = θ 2 (0) = 0, φ 1 (0) = 0.2, φ 2 (0) = 0.5, ψ 1 (0) = 0, ψ 2 (0) = 0.6 affected by the harmonic disturbances w 1 (t) = 0.2 cos(30t), w 2 (t) = 0.1 cos(50t), w 3 (t) = 0.5 cos(40t).
The control goal was achieved by implementing the nonlinear H ∞ controller with a weight parameter ρ = 1, γ = 800, and ε = 1.
Good performance of the H ∞ controller is concluded from Figure 2 by achieving the proposed desired behavior (32) and hereby yielding a periodic motion for yaw axis φ. The torque applied to each actuator is also depicted in Fig. 2 .
Periodic Motion of the Yaw Axis φ with Cyclic Pitch θ and Constant Roll ψ
Let us consider the case where the set of values for pitch θ and roll ψ angles are defined by
with parameters κ 1 = 0, κ 2 = 0.5, and λ 1 = 1. By substituting the proposed desired functions (34), the corresponding reduced-order dynamics (19) are defined by
The initial conditions for the 3-DOF helicopter were set to θ 1 (0) = 1, θ 2 (0) = 0, φ 1 (0) = 0.2, φ 2 (0) = 0.5, ψ 1 (0) = 0.5, ψ 2 (0) = 0 with κ 1 = λ = 1, affected by the harmonic disturbances w 1 (t) = 0.1 cos(50t), w 2 (t) = 0.2 cos(70t), w 3 (t) = 0.3 cos(70t).
The same parameters, as the previous case, were used for the nonlinear H ∞ controller. Simulation results, demonstrating good performance of the closed-loop system, are shown in Fig.  3 . T under harmonic disturbances for desired trajectories (32) with f 1 (φ) = 0 and f 2 (φ) = cos(φ).
CONCLUSION
A nonlinear H ∞ -based controller have been developed to solve an output feedback nonlinear H ∞ tracking problem for an underactuated 3-DOF helicopter system. The desired behavior is described as a periodic motion derived from the virtual holonomic constraints approach. Numerical results confirm robustness and effectiveness of the proposed controller. T under harmonic disturbances for desired trajectories (34) with f 1 (φ) = cos(φ) and f 2 (φ) = 0.5.
